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The motion of a symmetric heavy gyroscope on gimbals, for the case in
which the axis of the outer ring is vertical, was investigated by Chetaev
{11, skimel’ [ 2], Magnus [ 3] and Rumiantsev [4 ], who considered the
stability of motion for certain particular solutions,

For the case of a gyroscope on gimbals, the axis of the outer ring
being horizontal, questions of stability of certain particular motions
were considered [5 1. In adding for a certain moment of external forces
with respect to the axis of spin of the gyroscope, a first integral was
obtained [5 1,

Below, a particular solution of the problem of motion of a heavy gyro-
scope on gimbals is investigated, for the case in which the axis of rota-
tion of the outer ring is horizontal.

1. Let us consider a symmetric gyroscope on gimbals in which the axis
of rotation of the outer ring of the Cardan suspension is horizontal and
the center of gravity of the gyroscope and the inner ring is located on
the axis of symmetry of the gyroscope.

We introduce two rectangular systems of coordinate axes, with origin
at the fixed point O of the gyroscope {see Pig. 1).

The fixed system of coordinates Oxiyizi is always connected with the
axils of rotation of the outer gimbal ring., The axis x, is directed
vertically upward, the axis zy along the axis of rotation of the outer
ring. The moving system of coordinates Oxy:z is always connected with the
inner ring. The x-axis is directed along the axis of rotation of the
inner ring, the z-axis along the axis of symmetry of the gyroscope.

The motion of the gyroscope with respect to the system of axes Y12y
is determined by the following angles: w is the angle of rotation of the
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outer gimbal ring, # is the angle of rotation of the inner ring, ¢ is the
angle of rotation of the gyroscope within the inner ring (the angle of
spin of the gyroscope with respect to the xy: system of coordinates).

The projections of the instantaneous velocity of rotation of the inner
ring on the axes of coordinates Oxyz are equal to
p° =9, g° =1{¢’sin6, r® ==’ cos 0
The projections of the instantaneous angular velocity of the gyroscope
on the same axes are expressed by relations
p=y, g =1¢"sinb, r=g¢ 44 cosh

Let the axes x, y, z be the principal axes of the ellipsoid of inertia
of the inner ring with respect to the fixed point O.

Let us designate by { the distance from the origin O to the center of
gravity of the gyroscope and the inner ring, let I be the moment of
inertia of the inner gyroscope ring with respect to the z, axis, let AO.
AO, c® be the principal moments of inertia of the inner ring with respect
to the axes x, y, z, let A, B= A, C be the moments of inertia of the
gyroscope with respect to the same axes.

Let us assume that the ellipsoid of inertia of the gyroscope with
respect to the point O is an ellipsoid of rotation with respect to the
axis 0z. The expression of twice the kinetic energy of the outer gimbal
ring, the inner ring and the gyroscope are respectively equal to

1§23, AP BoGORHCO APt Bt Cr
The total kinetic energy of the system is
2 =(A+ A0+ [I4C° 4 (A-+ B°—C°) sin? 8] "2 - C (9" -+ ¢’ cos 0)?

We shall assume that there is no friction in the bearings and that the
applied forces acting on the system reduce to the forces of gravity. Let
» be the mass of the gyroscope and the inner ring., Then the force function
is of the form

U= -~ mg{sinbsin¢
2. Let the mass distribution of the considered system be such that
A4 A=T4C°, AL DB° = C°

We introduce the notation I1 = A+ A%, Then the equation of motion of
the system may be writfen down in the form of Lagrange’s eguations for
the independent holonomic variables 6, ), ¢:

Lo - C (o' + 4 cos0) sin 6 = — mgl cosBsin ¢
d
E;{Il¢’4«0(@'%—¢’0050)v050}::——1nngh1ecos¢ (1)

d
aC((p'—{-—Q)‘rosﬂ):O
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The actual displacements of the system are found among the possible
ones, and the forces admit a force function. From this follows the ex-
pression of the integral of kinetic energy

1024 ¢ + C (9" + ¢’ cos0)2 = — 2mgl sin 6sin ¢ + 2h 2)
The cyclic coordinate ¢ corresponds to the first integral
¢ + ¢ cosO=ry (3)
Here h, r, are the constants of the indicated first integrals.

For a particular value of the constant of the integral (3), namely when
it is equal to zero, i.e. in case

¢ + ¢ cosb =0 (4)
there exists one more first integral
IOy =mglcosOcosd |1 (I = const) (5)

3. Let us introduce the variables a, 3, which are related to the
angles 0, U as

a=0-+9, p=06—1¢ (6)
This substitution leads to the separation of variables. The equations

of motion of the system considered, in the presence of the particular
integral (4), may be then written in the form

z , Iia" = —mglsina, I,p” = mglsinp (7)

¥ These differential equations admit the first

b +

[ 4 integrals

\g 2

z I (a2 + B'%) = 2mgl (cos & — cos B) -} 4R 8
y g =% Iy (02— B*2) = 2mgC (cos @ -+ cos B) - 4
Fig. 1. which may be obtained also from integral (2)

and (5).

Let us introduce the following designation for the constants:

_h+l _h———l mgl
=31 =731, - =1

From integrals (8) it follows
a’?=2(ccosa -+ 3a), B2 = —2(ccosp —3b) 9)
We introduce new variables u, v by means of formulas
—2u==ccosa -+ a, 2v=ccosf —b (10)

In these variables the equations (9) are written as
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¥ dv 2
(3——:‘) = 4ud — (3a® + ¢} u —a (2% — ¢?), (d—zt;)=4v3—(3b2+c2)v—b(bz»—c’) (11)

We construct the Weierstrass functions Y¢(7) with the invariants

g2’ = 3a 4 c2, g’ =a(a?—c?
and y,(r) with the invariants
ga" = 3b? 2, gs" =b (b —c?)

These functions satisfy the equation

T2 (t)=4F3(x) —gF (7) — g2

If we set
u=P1(7), —2F1(t)=ccosa +a 12
v="TPa2(7), 2P2(t)=ccosf —b (12)
where 7 is a function of time ¢, then the equations (11) yield

dr\2 dr\?
T12(7) (,1_‘:) = 4P 2 (1) — g2’ Ta(v)— 83", ”6’2'2(’»)(}5) =4F 2 (1) — 2" F2(7) —4g5"

Therefore
dr\? dt
() -1 G-+
Taking the positive sign we obtain
T=1t+t, (to = const)

In accordance with formulas (6) and (12) we find

1 21 h41 21 h—1
0= 7{arc cos [—— r—n?z— Ta(t+ to) — gm—gc] -+ arc cos {E;—: Pa(t 4to) + 3_”@5]} 4N
(13)

[

1 21, h+41 21 h
¢ =—2—{arc cos [— met Pi(t+ to)— m] -— arc cos [—’TE‘C Pt + to)+ m]} 4
where A, p are constants, whose values are determined by the solution
found, and by the domain of variation of 6, .
The angle ¢ is calculated by the quadrature from the relation (4).

4. The variables u, v are determined by relationships (10) and satisfy
equations (11). Let us designate the right-hand sides of these equations,
which are third degree polynominals by f(£)

f(E) = 4% — (3u? + cB) £ — v (w% —¢?) (14)
where K = a for £ = uand xk = b for € = v,

The polynomial (14) has three real roots

c+y‘ eg = c—x® €3 — X
2

ey = — , 5
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Let us consider ¢ > 0, From relations (10) it follows that the vari-
ables u, v, determined by means of f, vary in the range

aséi<e
Actual mechanical motions will take place if ey > €.

This condition yields the inequality for the variable u

h+14+mgl>0
and for the variable v - the inequality
h—14mgl>0
In like manner one can show that for ¢ < 0 actual mechanical motions
will take place if the inequalities are satisfied
h+41—mgl >0, h—1l—mgl>0
A study of the stability of particular solutions of system (1) does

not yield anything essentially new as compared to the conditions found
earlier [ 2,4 ].
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